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ABSTRACT

A Nordhaus - Gaddum type result is a lower or upper bound on sum or product of a parameter of a graph and its complement. This

concept was introduced in 1956 by Nordhaus E. A.,

Gaddum J. W. Generalized Wiener like indices such as wiener index, Detour

index, Reciprocal- wiener index, Harary- wiener index, Hyper- wiener index, Reciprocal- Detour index, Harary- Detour index and
Hyper- Detour index have been studied in graph theory. In this paper, Nordhaus — Gaddum type results of these indices for k-Sun graph

and four regular graph are presented.

Keywords: Generalized Wiener like Polynomial, k-sun graph, Nordhaus — Gaddum results.

Introduction 1:
All graphs considered in this paper are finite, simple
and connected. For a graph G = (V, E) with vertices
u, v € V, the distance between u and v in G, denoted
by dc(u, V), is the length of a shortest (u, v) — path in
G. The Wiener index [2,3,4] of G is defined as

W(G):1 st(u,v)with the summation going
u,veV (G)

over all pairs of distinct vertices of G. The above

definition can be further generalized in the following

way:

Wa(G)=5 Tuvev(c) dé (u, v) where

df(w,v) = (dg(u, v))*

and A is any real number.

For particular instances of the invariant A, W_,, W_,
and % w, + % W, are the so called Harary index [1],

reciprocal Wiener index and hyper — wiener
index(WW)[5,6].
The detour index of G is defined as

D(G)=l > Dg (u,v) with the summation going

u,veV (G)
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over all pairs of distinct vertices of G. The above
definition can be further generalized in the following
way:

1
D3(G)=3 Xuvev(e) Di(u,v) where D(u,v) =

(D¢ (u, v))* and A is any real number.
For particular instances of the invariant A, D_,, D_;

and % D, + % D, are the so called Harary detour index,

reciprocal detour index and hyper — detour
index(WW). The complement of a graph G, denoted
by G is the graph with the same vertex set as G,
where two vertices in G are adjacent if and only if
they are not adjacent in G.

Definition 1.1:

A k — Sun graph (k=3) is the graph on 2k vertices
obtained from a clique cy, ¢z, ...ck on Kk vertices and
an independent set on k vertices. Let V(G) = { ¢, ¢z,
...Ck, $1,52,...sk} and E(G) = {sici, siCi+1 ; 1<i <k} U
{ skCk, skc1} U {cicj ; 1<i < k, 1<j < k, i<j} be the
vertex set and edge set of G respectively.

2.2. Generalized Wiener like indices of k — sun
graph and its complement graph:
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Theorem 2.2.1:

k* -3k

2 ﬁ i
k +3k}x“+(k2—k)x2 HE)

WAP(GZX):(

2 i )
DAP(G:X)=(%)X(2”’ + (k2 —K)x®2" 4

k 2 + 3k )X(Zk_l)/l

Let G be a k — sun graph. Then the generalized

wiener polynomial, generalized detour polynomial
and the generalized circular polynomial are given by

,and

k* -3k

C,P(G:x)= (kz—;?’k)X(ZKZV k@D |2y 2K o ey kD +( > )X(2k+2)‘ ,

where k>4 and A is any real number.

Proof:

Let G be k — sun graph on 2k vertices, where k>4
and A is any real number.

Let V(G) ={cy,cC2, ...ck, S1,52,...sk} and E(G) = {sici,
siCi+1 ; 1<i < k} U { skCk, skC1} U {cicj ; 1<i <k, 1<]
< k, i<j} be the vertex set and edge set of G
respectively. The generalized Wiener like

W,P(G:x)= ZX‘“(CICJ’) n zxd‘(cisi) 4 Zxd*(sisj) L

1<i<j<k 1<izk 1<i<j<k

D,P(G:x)= ZXDA(CiCi) " ZXD‘(cisi) + zxoﬂ(sisj) L

1<i< j<k 1<i<k 1<i<j<k

A A
C,PG:x)= > x° e ZXC%‘S" + 3 x° G ___

1<i<j<k 1<i<k 1<i< j<k

The 4-sun graph and the wiener detour matrix are
shown in Figure 1.1 and Figure 1.2 respectively.
Figure 1.3 shows the circular matrix of the 4 — Sun
graph. The wiener-detour matrix and the circular
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polynomial of G IS defined as,
W,P(G:Xx) = Zxdl(”'v), for any real number A.
u,veV (G)

For the k — sun graph, the generalized wiener
polynomial, the generalized detour polynomial and
generalized circular polynomial of k — sun graph G
are,

-
—(2)

-3

matrix gives the wiener polynomial, the detour
polynomial and circular polynomial of the 4 — s-un
graph.
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8, C,C CCS S 88,
c[0 6 56 7 6 6 7]

o1 © /1 0657766

Sy S, /1 1066776
¢/l 1106 6 7 7

Cq €3 sf1 1.2 2 07 77
5021122077

S3 2 2113 207

Figure 1.1 4-Sun Graph. 1221232 0]

Figure 1.2 WDM(4-Sun graph)

¢, G ¢y G o8 S S3 Sy
afo 6 7 8 8 8 8]
|- 0 7 6 8 8 8 8
G- - 0 7 8 8 8 8
G- - - 0 8 8 8 8
Sifl—- — — = 0 9 10 9
2l- - - = = 0 9 10
Sl- - - - - - 0 9
Sy | — — — — — — —

Figure 1.3 CM(4-Sun graph)
W,P(G:x) =14x" +12x% +2x%;D,P(G:x) = 2x° +12x* +14x";C,P(G:x) = 2x* +4x"" +16x% +4x* +2x".

The 5-sun graph and the wiener detour matrix are matrix gives the wiener polynomial, the detour
shown in Figure 1.4 and Figure 1.5 respectively. polynomial and circular polynomial of the 5 — sun
Figure 1.6 shows the circular matrix of the 5 — sun graph.
graph. The wiener-detour matrix and the circular

C, C, C C C S S, S35, S

c/[0 87 78 9 8 8 8 9]

6,1 08 7 7 9 9 8 8 8

c,/1 108 7 89 9 8 8

¢l 11088 8 9 9 8

(1 111088899

s[1 122209999

/211222009909

;12 211232099

s,/2 2 211332509

ss|]1 22 2123320

Figure 1.4 5-Sun Graph. - -
Figure 1.5 WDM(5-Sun graph)
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€1 G ¢ ¢y ¢ 1 Sy S3 Sy S5
a0 9 8 9 10 10 10 10 107
Ql-— 0 9 8§ 10 10 10 10 10
Gl— — 0 9 8 10 10 10 10 10
Gl— — — 0 9 10 10 10 10 10
Gl — — — 0 10 10 10 10 10
Sl - — — — 0 11 12 12 11
Sl - - - - — 0 11 12 12
S5 - — — — — — 0 11 12
Sl— - - - - - - — 0 11
sl— - - - - - - _— _— 9

Figure 1.6 CM(5-Sun graph)

W,P(G:X)=20x" +20x% +5x%;D,P(G:x)=5x"" +20x¥ +20x*;C,P(G:x)=5x* +5x° +25x° +5x* +5x2".For k =6, the
corresponding wiener polynomial, detour polynomial and polynomial of 6 — sun graph given below,
W,P(G: x) = 27x* +30x? +9x% ;D,P(G:x) =9x° +30x™ +27x™";C,P(G: %)= 9x"" +6x™" +36x%" +6x™ +9x™"

For k =7, the corresponding wiener polynomial, detour polynomial and polynomial of 7 — sun graph given below,
W,P(G:x)=35x" +42x% +14x%;D,P(G: x) =14x™ +42x% +35x*";C,P(G: X) =14x% +7x*" +49x*" +7x®" +14x*".

For k =8, the corresponding wiener polynomial, detour polynomial and polynomial of 8 — sun graph given below,
W,P(G: x) = 44x* +56x%" +20x% ;D,P(G: x) = 20x®" +56x*" +44x™ ;C,P(G: x)=20x*" +8x"" +64x*" +8x"" +20x* .

Hence in general, the generalized wiener polynomial, the detour polynomial and the generalized circular
polynomial of k — sun graph G are given by,

k2 + 3k

2
k 3k)x3?~
2

W,P(G : x) =[ Jxl‘ + (k2 —K)x¥ +(

2 ) ) 5 /1
D,P(G:x)= (k_z?’k)X(Zk—s) + (K2 — k)X (k ;‘3k)x(2k-1)

C,P(G:x)= (kz—;:gk)x(zk—z)ﬁ Lk @RD L2y 2K @Rt (k2 ;3k)x(2k+z)ﬁ

Corollary 2.2.2: The Hyper-Wiener index WW(G) = %[12k2-15k].
Let G be a k-sun graph for k=4. Then, the Wiener Corollary 2.2.3:

H — 2
Index Wl_(G) =4k '_5k’ _ Let G be a k- sun graph for k=>4. Then
The Reciprocal-Wiener index W.(G) =-[4k3-5K],

The Harary-Wiener index W-2(G) =-2[4k?-5K],
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The Detour index D,(G) =[4k® — 6k* +5k], The Reciprocal Detour index D_,(G) = —[4k*® — 6k* +5k],

The Harary - Detour indexD_, (G) = —2[4k® — 6k? + 5k], The Hyper - Detour index DD(G) = %[12k3 —18k? +15K].

Let G be the k — sun graph on 2k vertices. Let G be

Theorem 2.2.4: the complement of k — sun graph G. Figure 1.7.
Let G be the complement of k — sun graph G. Then shows the complement graph G of 5 —sun graph. The
the generalized wiener polynomial and detour wiener detour matrix of the complement of 5 — Sun
polynomial for G are respectively given by: graph in Figure 1.8. gives the wiener polynomial and

—5k) 1 (K*+3K) the detopir, polynomial of complement of 5 — sun
2 X 2 X %ﬁa_pilw).XFigureka?.WDM[the complement of 5 —
Proof: Sun graph]

W,P@G:x) = 3K :D,P(G : ) = k(

_Cl Cl C3 C5 Sl S, 83 S-l SS_

¢[00 9 99 99 9 9 9 9

¢ [2 09 9 99 9 9 99
(2200999990909
G2 220999 9 9 9

{2 2220999 9 9

5 S22 111200999 9

Figure 1.7 G (5 — sun graph) 1121 1 1109 9 9
s|1 221 11109 9

(11221111009

s[2 112211110

Figure 1.8 WDM(G (5 — sun graph))

W,P(G: x) = 25x" +20x% ; D,P(G: x) = 45x°
The wiener detour matrix of the complement of 6 — Sun graph in Figure 1.9 gives the wiener polynomial and the
detour polynomial of complement of 6 — sun graph.
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Figure 1.9 WDM[the complement of 6 — Sun graph]

W,P(G : x) =39x" +27x2; D,P(G : x) = 66X’

For k =7,8,9 the corresponding wiener polynomials and detour polynomial of the complement of k — sun graph

given below,
W,P(G : x) =56x" +35x>; W,P(G:x) =76x" +44x>; W,P(G : x) =90x" +54x>

D,P(G:x)=91x""; D,P(G: x) =120x*"; D,P(G : x) =153x"""

Hence in general, the generalized wiener and detour polynomial of complement of k — sun graph are respectively

given by,

_ 2 i 2 .
WAP(G:X):(BK oK)y (KC13K) 5o

, ; 'D,P(G:x) =k(2k —)x®*V" k>5..

Corollary 2.2.5:

Let G be the complement of k — sun graph G, then

The Wiener indexW, (G) %[518 +k]: The ReciprocalindexW., (G) = —%[5k2 LK.

The Harary - Wiener indexW_z(é) = —%[1Ok2 + 2k]; The Hyper - Wienerindex WW (é) = %[15k2 + 3K]
Corollary 2.2.6:

Let G be the complement of k — sun graph G, then

The Detour index D, (G) = 4k® — 4k” + k; The Reciprocal - Detour index D_, (G) = —[4k3 —4k* + k}

Lok —12k2 + 3]

The Harary - Detour index D_,(G) = —2[4k3 —4K* + k];The Hyper - Detour index DD(G) = >

Result 2.2.7: Nordhaus — Gaddum Equations of k — sun graph.

www.psychologyandeducation.net
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- 13k?

(W,(G)+W,(6) = ==, iW.,(6) +W,,(©) :{W_—gk}

2
()W, (G) +W_,(G) =—[13k? — 9k} (iv)WW (G) +WW (G) = M
(v)D,(G) + D,(G) =[8k® —10k? + 6K]; (vi)D_,(G) + D_,(G) = —[8k*® —10k? + 6k]

(Vi)D.,(G) + D_,(G) = ~2[8k° ~ 10Kk’ + 6k]; (vii)DD(G) + DD(G) = 2 ‘32"2 +18K

3.1. Nordhaus — Gaddum Equation for four regular graph:

In this section the generalized wiener polynomial and generalized detour polynomial of four regular graph and
complement of four regular graph are presented and also Nordhaus — Gaddum equation for four regular graph is
derived.

Algorithm for Four regular graph:

Input : the number of vertices n of a cyclic graph.

Output : the class four regular graph with 2n vertices.

Begin

Step 1: Take a cycle C, with vertex set V = {v1, v2,...vn} and e dge set E = {ViVi+1 U VnV1:
1<i<(n-1)}.

Step 2: For the edge vivi+1, 1<i<(n-1) introduce a new vertex ui and create new edge viu; and
Vi-1Ui.

Step 3: For the edge vnv1 introduce a new vertex un and create new edges VaUn and viUn.

Step 4: From the set of new vertices ui, create new edges uiui+1 for 1<i<(n-1) and an edge unus.

Step 5: The new four regular graph G(Cn) = (V, E) has the vertex set and edge set
Ve ={V1,V2,...Vn, U, Uz,...Un }
Ec = { UiVi+1,VaV1, Vili, Vi+1Ui, VaUn, ViUn, Uili+1, UnUz / 1<i<(n-1)}.

Generalized Wiener like indices of four regular graph and its complement:

Theorem 3.1.1:

Let G(Cn) be a four regular graph. Then the generalized wiener polynomial and the generalized detour polynomial

are given by the following expressions:

Ny Ny
2

W,P(G:X)=4nx" +4nx? +....+4nx 2 +nx 2 , when nisodd and n=>3.

n-2,, Ny
2

i y; (=) ) .
W,P(G:Xx)=4nx" +4nx* +.....+4nx +3nx 2 , when n is even and n>4.

D,P(G:x) =@x(”‘”l

Proof:

Let G= G(Cn) be a four regular graph with 2n vertices. Let V(G) ={v, V2,...vn}and edge set
E = { UiVi+y,VnV1, Villi, Vi+1Ui, Valn , ViUn, Uili+1, UnUz / 1<i<(n-1)}.

Case(i): When n is odd.

5849
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Figure 1.10. shows the four regular graph G(Cs) and Figure 1.11. gives the wiener polynomial and the detour
polynomial of four regular graph G(Cs).

V1 W2 Vi ul uz u:

w |1 1 2 0 5 5
Figure 1.10 G(Cs3)

]

1 1 1 0 5

uz

u3 1 2 1 1 1 0.

Figure 1.11. WDMI[G(C3)]
W,P(G:x) =12x" +3x?";D,P(G : x) =15x°"

Figure 1.12. shows the four regular graph G(Cs) and Figure 1.13. gives the wiener polynomial and the detour
polynomial of four regular graph G(Cs).

Vi 2 Vi V4 Vi u w u w us
V1 0 9 9 9 9 9 9 9 9 9

2 1 0 9 9 9 9 9 9 9 9

v 2 1 0 9 9 9 9 9 9 9
Vi 2 2 1 0 9 9 9 9 9 9
v 1 2 2 1 0 9 9 9 9 9

ut 1 1 2 3 2 0 9 9 9 9

uz 2 1 1 2 3 1 0 9 9 9

Figure 1.12 G(Cs) w3 2 1 1 2

w 2 3

[15)
—
[}
K=}
=}

)
—_
—_
(]
)
—_
[a=]
k=l

us 1 2 3 2 1 1

Figure 1.13.WDMI[G(Cs)]

()
(]
—
=]

W,P(G: x) =20x"" +20x* +5x° ;D,P(G: x) = 45x"".
Hence in general, the generalized wiener polynomial of four regular graph G(C,) is,

) )
+nx 2° ,whennisoddand n>3.

n-1.; n+l, ;
2

W,P(G:x)=4nx" +4nx? +....+ anx’
Case (ii): When n is even.

Figure 1.14. shows the four regular graph G(Cs) and Figure 1.15. gives the wiener polynomial and the detour
polynomial of four regular graph G(Ca).

5850
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V1 Vi Vi V4 u1 uz uz 4
vi (0 7 7 7 7 7 7 7)
V2 1 0 7 7 7 7 7 7
V3 2 1 0 7 7 7 7 7
w4 1 2 1 0 7 7 7 7

Figure 1.14. G(Cy)

E
b2
5]
[y
[y
b2
—_
o
1

E
—
—
(=}
[}
—
—
(=}
—
=
.

Figure 1.15.WM[G(C4)]

W,P(G:x) =16x" +12x%";D,P(G: x) = 28x .

Hence in general, the generalized wiener polynomial of four regular graph G(Cn) s
n-1,; n+l, ,

W,P(G:x)=4nx’ +4nx? +...+4nx 2 +nx 2, whenn is odd and n>3.

n-2.; n,

W, P(G:X)=4nx¥ +4nx? +...+4nx 2  +3nx 2 , when n is even and n>4.
and the generalized detour polynomial of four regular graph G(Cy) is,

D,P(G:x) :@x(“’i
Corollary 3.1.2:

Let G be the four regular graph. Then

2
The Wiener index W,(G) = n(n+d)

2
: The Reciprocal - Wiener index W ,(G) = { n (r;+1)}

2 2
The Harary - Wiener index W _,(G) = {@}The Hyper - Wiener index WW (G) = [3n (2 +1) }

Corollary 3.1.3:

Let G be the four regular graph, then

_1\2
The Detour index D,(G) = ”(”2 1y

_1\2
;The Reciprocal index D, (G) :{n(nz Y }

_1)2
The Harary- Detour index D, (G) :_Z{n(nz D) } :

5851
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_1\2
The Hyper-Detour index DD(G) = {w}

Theorem 3.1.4:

Let G be the complement of four regular graph G. Then the generalized wiener polynomial and detour polynomial
for G are respectively given by:

W,P(G:x) = (2n2 —5n)x" +4nx2";D,P(G: x) = (2n° — n)x>" ",
Proof:

Let G be the four regular graph and G be the complement of G. Figure 1.16. shows the complement graph G of
four regular graph G(Cs). The wiener detour matrix Figure 1.17. gives the wiener polynomial and the detour
polynomial of complement of four regular graph G(Ca).

ViooWro Wi V4 U ux Uz 4

w1 07 7 Y Y B 7

3 20 7 07 1 7 7

uy U, wll 2 0 7 7 7 7 7

vao |2 1 2 o 7 7 7 7

w (22 1 1 o 7 7 7

Vs U3 Vs

u |1 22 1 20 7 7

Figure 1.16. G of four regular graph G(Ca) w1 1 2 2 1 2 0 7
4 IG 1 1 22 1 2 0

Figure 1.17.WDM[G (C4)]

W,P(G:x)=12x" +16x> ;D,P(G: x) = 28x" .

In similar mannar, when k =5, 6,7,8., the corresponding wiener polynomials of complement graph G of four
regular graph given below,

WAP((_B :x) = 25x" +20x% ;WiP((_B :x) = 42x5 +24x% ;WiP((_B :x) =63x" +28x%;
W,P(G: x) =88x"" +32x%

Hence in general, the generalized wiener polynomial of complement of four regular graph,
W,P(G: x) = (2n° =5n)x"" + 4nx’

In similar mannar, when k =5,6,7,8, the corresponding generalized detour polynomials of complement graph G
of four regular graph given below,

5852
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D,P(G:x) =45x";D,P(G: x) = 66x;D,P(G : x) = 91x*"; D,P(G : x) =120x"

Hence in general, the generalized detour polynomial of complement of four regular graph is.

D,P(G:X) = (2n? —n)x®™V" |
Corollary 3.1.5:

Let G be the complement of G. Then

The Wiener index W, (G) = [2n? + 3n]; The Reciprocal index W_, (G) = —[2n® + 3n];

The Harary - Wiener index W_,(G) = —2[2n? + 3n]; The Hyper - Wiener index WW (G) = %[an +9n]

Corollary 3.1.6:

Let G be the complement of G. Then

The Detour index D, (G) = 4n® —4n® + n; The Reciprocal - Wiener indexD_, (G) = —[4n3 —4n® + n];

The Harary - Detour indexD_,(G) = —2[4n3 —4n® + n} The Hyper - Detour index DD(G) =

12n°® -12n% +3n
5 )

Result 3.1.7: Nordhaus — Gaddum Equations of four regular graph.

(W, (G) -+ W, (G) = "-+50" +6n

()W _,(G) + W _,(G) =—[n® +5n® + 6n] (iV)WW (G) +WW (G) =

- - 9n®-10n*+3n
(V)D,(G)+D,(G) =

(vii)D_,(G) + D_,(G) =—9n® —10n? + 3n} (viii)DD(G) + DD(G) =

Conclusions:
In 1956, Nordhaus E. A., Gaddum J. W. [7]
introduced the bounds involving the chromatic
number x(G) of a graph G and its complement. Many
authors studied [8, 9] Nordhaus-Gaddum bounds for
domination number, connected domination number,
total domination number and also there has been
many publications on Nordhaus-Gaddum type

www.psychologyandeducation.net

(i)W, (G) +W,(G) = _[

{(Vi)D,(G)+ D, (G) = _{

n®+5n% +6n
2

3n® +15n2 +18n
4
9n° —10n? +3n}

2

27n® —=30n? +9n
J .

results for indices like Gutman wiener index, Steiner
index, Krichhoff index. This paper deals with
Nordhaus — Gaddum equations for wiener like
indices to k — sun graph four regular graph.
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